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Available online 20 September 2016The evolution of natural slopes over time is ruled by several concurrent physical phenomena, namely the
strength of its component geomaterials and their weakening over time due to weathering processes, the oc-
currence of seismic events, seepage and the formation of tension cracks. The paper presents analytical so-
lutions obtained considering a succession of discrete failure events (landslides) progressively altering the
slope morphology over time. The model, derived in the framework of limit analysis assuming plane strain
conditions, provides a tool for the assessment of whether manufacts and/or infrastructures located on a
slope subject to various natural degradation phenomena will be affected by the occurrence of failures.
Unlike current empirical and semi-empirical models of slope evolution, the analytical solution that is here
presented is derived by applying principles of soil and rock mechanics, therefore it is of general validity, so
that no ad–hoc calibration against past observations of the evolving slope is needed. This analytical tech-
nique only requires knowledge of the (geotechnical) parameters characterising the geomaterials compris-
ing the slope of interest, namely angle of shearing resistance, ϕ, cohesion, c, tensile strength, unit weight,
together with knowledge of the relevant seepage scenarios, strength degradation processes, and seismic
events likely to occur.
Results show that that earthquake loading and seepage can substantially decrease slope stability, increase the
volume of material sliding away during each landslide event and alter the evolution of the slope over time,
while tensile strength exhibits a less strong influence especially as strength degradation progresses. Dimension-
less ready-to-use charts are provided for the benefit of practitioners.
© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).Keywords:
Limit analysis
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Tension crack
Seismic
Slope morphology1. Introduction
Morphological evolution of cliffs is a traditional subject in engineer-
ing geology and geomorphology (Carson and Kirkby, 1972; Hutchinson,
1969, 1970, 2001; Selby, 1982; Parsons, 2002). Modelling the progres-
sive retreat of cliffs has recently received considerable attention by the
engineering community due to increasing coastal erosive processes
caused by climate change and increased environmental awareness at
national and European level (Bray andHooke, 1997). Also the insurance
industry needs reliable models for the predictions of the amount of cliff
retreat over time for residential buildings located in exposed areas
whereas local authorities and decision makers need to know the level
of risk faced by residential buildings and public infrastructure (e.g.
coastal roads, pedestrian footpaths, car parks, etc.).
Cliff evolution is caused and/or accelerated by several physical
agents (Arkin and Michaeli, 1985; de Lange and Moon, 2005;i).
. This is an open access article underBriaud, 2008; Collins and Sitar, 2011). Key drivers of slope instability
are seismic action (Chen and Liu, 1990; Ling and Leshchinsky, 1995;
Loukidis et al., 2003; Wasowski et al., 2011; Rathje and Antonakos,
2011; Yang and Chi, 2014; Tsai and Chien, 2016), rainfall and climatic
variations (Leroueil, 2001; Frayssines and Hantz, 2006; Take and
Bolton, 2011; Conte and Troncone, 2012; Springman et al., 2013),
weathering (Yokota and Iwamatsu, 2000; Hachinohe et al., 2000),
crack formation (Baker, 1981; Hales and Roering, 2007) and wave
action for seacliffs (Benumof et al., 2000; de Lange and Moon,
2005). In this paper we shall consider all these actions but the last
one. The first stability analyses of slopes were based on limit equilib-
riummethods (Espinoza et al., 1994). However, they present several
shortcomings (Duncan, 1996) one of which is the fact that the solu-
tion is neither a lower nor an upper bound of the true collapse load.
The use of numerical methods such as finite element method (Zheng
et al., 2005; Huang and Jia, 2009; Potts and Zdravković, 2001) and
material point method (Yerro et al., 2015) to provide approximate
solutions to the slope stability problem is also increased in the latest
decades. The Discrete Element Method has also been employed (Utilithe CC BY license (http://creativecommons.org/licenses/by/4.0/).
Notation
A area of the sliding wedge
c cohesion
d1, d2 lengths as defined in Fig. 3
f1 , f2, etc.mathematical function for the external work rate done
by the gravity
fd function for the dissipated energy
f1v, f2v, f3v, etc. mathematical function for the external work rate
done by the gravity,
f1h, f2h, f3h, etc. mathematical function for the external work rate
done by the horizontal seismic inertia
FPSh horizontal pseudo-static force
FPSv vertical pseudo-static force
ft unconfined tensile strength measured in laboratory
experiments
ft
M−C unconfined tensile strength predicted by the Mohr-
Coulomb criterion
G weight of the failing wedge
g gravitational acceleration
H slope height
Kh horizontal seismic acceleration coefficient
Kv vertical seismic acceleration coefficient
L, L1, L2, l1, l2 lengths as defined in Fig. 1
m1, m2 masses of the sliding wedges
Ns stability factor
r generic radius of curvature of the logarithmic spiral
rx, ry, rz radii of the spiral at the angles x, y and z
ru pore pressure coefficient
_u displacement rate (vector)
Ẇext rate of external work
Ẇd rate of internally dissipated energy
Ẇcf rate of energy dissipated by crack formation
Ẇ1,Ẇ2, etc. rates external work
x1, y1, z1, x2, y2, z2, μ1, μ2 angles as defined in Fig. 1
β inclination of the slope front
γ soil unit weight
δ tension crack depth
θ generic angle of the logarithmic spiral
θ1, θru1, θ2, θru2 angles as defined in Fig. 3
ω angular velocity
ϕ angle of shearing resistance
93C. Voulgari, S. Utili / Engineering Geology 219 (2017) 92–106and Crosta, 2011b; Camones et al., 2013; Utili et al., 2015) and also
for 3D analyses of the stability of rock slopes (Boon et al., 2014)
which has been made possible by computational advances in the
DEM contact detection algorithms to deal with polyhedral blocks
(Boon et al., 2012, 2013) and new algorithms for rock slicing (Boon
et al., 2015). However, in cases of rather uniform slopes subject to a
few cracks, such a numerical approach is not justified.
This paper aims to develop an analytical solution describing the
morphological evolution of natural cliffs with limited tensile
strength subject to progressive retreat induced by ground strength
degradation, for instance weathering induced, for static and seis-
mic scenarios and various hydrological conditions. The limit analy-
sis upper bound method (Chen, 1975) and the pseudo-static
approach (Terzaghi, 1943) are used to derive the analytical law de-
scribing the evolution of homogeneous c, ϕ slopes subject to
strength degradation, seismic action, formation of tension cracks
and various seepage conditions. Perhaps the greatest limitation of
the analytical solution presented resides in assuming the slopes
homogeneous. In fact natural heterogeneity, layering, different ma-
terial properties of the layers etc. tend to produce geomorphic fea-
tures unique to each particular slope that are not captured by the
solution here presented. However, the other side of the coin is the
fact that such a strong assumption allows for the derivation of a
comprehensive analytical solution that can be used to achieve a
first rough estimation of the past or future evolution of a slope
knowing a limited amount of information and to explore the rela-
tive influence on slope evolution of the various physical phenome-
non considered in general terms.
The ground strength is here characterised by the Mohr-Coulomb
failure criterion therefore only three parameters are needed to de-
scribe its properties (unit weight, angle of shearing resistance and
cohesion). The limit analysis upper boundmethodwas applied to de-
termine each discrete landslide event occurring over time for succes-
sive destabilization and complete removal of the failed mass after
each event (Utili and Crosta, 2011a). The material accumulated at
the slope toe cannot be taken into account in our model since limit
analysis is not able to give any information about the final geometry
of the debris accumulated after each landslide. Therefore, it is as-
sumed that the debris accumulating at the slope toe is removed by
atmospheric agents and erosion (e.g. fluvial or marine), before a
new landslide develops. This condition is known in the literature as
a strong erosion condition and is typical of weathering-limited pro-
cesses (Hutchinson, 1973).2. Limit analysis model
The failure mechanisms assumed in our analysis are 2D single wedge rigid rotational mechanisms (see Fig. 1). The failing wedge EBCD rotates
rigidly around point P1 with the ground lying on the right of the log-spiral CD and the vertical crack BC remaining at rest. The equation of the log-
spiral CD is:
r ¼ r0 exp tanϕ θ−θ0ð Þ½ 
with r being the distance of a generic point of the spiral to its centre (see Fig. 1).
For sake of simplicity, the calculations presented below refer to the case of a horizontal slope crest. Since the limit analysis method does not pro-
vide information about the final geometry of the debris accumulated after each landslide, it is therefore assumed that the debris is entirely removed
by atmospheric agents and/or erosion before the occurrence of the next slope failure.
The following geometrical relationships will be employed in the derivation of the semi-analytical solution:
ry1 ¼ rx1 exp tanϕ y1−x1ð Þ½  ð1Þ
rz1 ¼ rx1 exp tanϕ z1−x1ð Þ½  ð2Þ
ry2 ¼ rx2 exp tanϕ y2−x2ð Þ½  ð3Þ
Fig. 1. Second failure mechanism: Region of soil GIDCB by rotates around point P2. Region of soil EBCD has already slipped away when the first failure occurred.
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H ¼ rx exp tanϕ y1−x1ð Þ½  siny1− sinx1f g ð5Þ
L ¼ rx1
sin x1 þ βð Þ
sin β
− exp½tanϕ y1−x1ð Þ
sin y1 þ βð Þ
sin β
 
ð6Þ
L1 ¼ rx1 cos x1− cos y1 exp tanϕ y1−x1ð Þ½  ð7Þ
l1 ¼ rx1 cos x1− cos z1 exp tanϕ z1−x1ð Þ½  ð8Þ
L2 ¼ rx2 cos x2− cos y2 exp tanϕ y2−x2ð Þ½  ð9Þ
l2 ¼ rx2 cos x2− cos z2 exp tanϕ z2−x2ð Þ½  ð10Þ
where rx, ry and rz are the radii of the spiral at the angles x, y and z respectively, L, L1, l1 L2, l2 are the horizontal lengths (see Fig. 1) andH is the height of
the slope.
2.1. First failure (landslide)
The calculations for the first failuremechanism are here illustrated. The upper bound is derived by imposing energy balance for the failingwedge
EBCD:
_Wd þ _Wcf ¼ _Wext ð11Þ
whereẆd is the rate of energy dissipated along the log-spiral surface (shear failure),Ẇcf is the rate of energy dissipated by crack formation andẆext
the rate of external work done by the failing wedge.
The calculation ofẆd accounting for the energy dissipated along the log-spiral segment CD is reported in (Utili, 2013). Cracks may develop from
the slope face (DE) and/or from the upper part of the slope (EF) (see Fig. 1). Cracks orfissures can be the result of a variety of phenomena, for instance
exceedance of the ground tensile strength (Baker, 1981), the occurrence of differential settlements (Vanicek andVanicek, 2008), desiccation (Konrad
andAyad, 1997; Dyer et al., 2009; Péron et al., 2009) and freezing (Hales and Roering, 2007). Cracksmay cause a significant decrease in the stability of
a slope both in static (Michalowski, 2013; Utili, 2013; Gao et al., 2015; Utili, 2015) and seismic conditions (Utili and Abd, 2016).
Here cracks are treated as no-tension non-cohesive perfectly smooth (no friction) interfaces, therefore the angle η between the velocity vector
and the crack surface (see Fig. 1) is 0° b η b 180°. Following (Michalowski, 2013), two types of cracks can be considered: cracks existing in the
slope before the formation of any failure mechanism, called pre-existing cracks by Michalowski, and cracks forming as part of the failure process
due to the exceedance of the ground tensile strength, here called tension cracks, that take place contemporaneously to the formation of localized de-
formations leading to the failure of the slope. A pre-existing crack may have been formed in the past by tensile stresses that are no longer acting on
the slope, for instance due to tectonicmovements. Tension cracks instead indicate cracks that are generated by tensile stresses exceeding the current
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Fig. 2.Mohr-Coulomb failure criteria illustrating the failuremechanisms associatedwith (a) Soil of full unconfined tensile strength (t=1). (b) Soil of limited tensile strength (t=0.5). (c)
Soil of zero tensile strength (t= 0), based on Michalowski (2013).
95C. Voulgari, S. Utili / Engineering Geology 219 (2017) 92–106ground tensile strength leading to the formation of a failure mechanism (Terzaghi, 1943; Baker, 1981). Although the presence of pre-existing cracks
can be easily accounted for in limit analysis (Michalowski, 2013; Utili, 2013), here only tension cracks are considered. This is because the evolution of
a slope subject to deterioration/weathering is ruled by the deterioration of the ground tensile strength, leading to the onset of tension crackswhereas
pre-existing cracks generated in the course of the geological history of the slope formation are likely to affect the first failure mechanism only.
Fig. 3. Presence of pore pressure in the calculation of the most critical failure mechanism.
96 C. Voulgari, S. Utili / Engineering Geology 219 (2017) 92–106To calculate the energy dissipated by the formation of a crackwith limit analysis, Michalowski (2013) has considered limiting theMohr Coulomb
linear envelope by the stress circle of an unconfined uniaxial tensile strength test with the circle being tangent to the linear envelope (see Fig. 2). This
failure criterion is realistically non-linear in the tension zone and on the other hand lends itself to limit analysis calculations. The energy expended for
the formation of a tension crack,Ẇcf turns out to be (Michalowski, 2013):
W
:
cf ¼ rx1 2ω
sin x1
tan μ1
 2 f cM−C
2
Zz1
μ1
1− sin θ
cos3θ
dθþ f t
1− sin ϕ
Zz1
μ1
sin θ− sin ϕ
cos3θ
dθ
0
B@
1
CA ð12Þ
with μ1 being the anglemade by the segment P1Bwith the horizontal (see Fig. 1), fcM−C being theMohr-Coulomb unconfined compressive strength of
the ground and ft the unconfined tensile strength asmeasured from laboratory experiments (see Fig. 2). It is convenient to introduce a dimensionless
coefficient, t, defined as the ratio of the unconfined tensile strengthmeasured in laboratory experiments, ft, over the full unconfined tensile strength
predicted by the Mohr-Coulomb criterion, ftM−C (see Fig. 2a):
t ¼ f t
f M−Ct
ð13Þ
It is straightforward to observe that 0 b t b 1. Also both fcM−C and ftM−C are uniquely related to c and ϕ:
f M−Cc ¼ 2c
cosϕ
1− sinϕ
 
ð14Þ
f M−Ct ¼ 2c
cosϕ
1þ sinϕ
 
ð15Þ
Three different conditions controlling crack formation are tackled here:
i. tension cut-off (t= 0);
ii. limited tensile strength, e.g. t= 0.2 and t= 0.5;Fig. 4. Potential failure mechanisms for the second failure, relative to different mechanisms considered (for different critical heights hi).
Fig. 5. (a) Weathering of granite (after Kimmance, 1988), (b) failure loci of cemented sands for different cement contents (after Wang and Leung, 2008).
Fig. 6. Deep seated failure mechanism for a slope with β= 70° and initial friction angle ϕ= 20°.
97C. Voulgari, S. Utili / Engineering Geology 219 (2017) 92–106iii. full tensile strength, i.e. the possibility of tensile failure of the ground is neglectedThe rate of external work for the sliding wedge EBCD,Ẇext, is made by two contributions:
_Wext ¼ _Wγ þ _Ww ð16Þ
withẆγ representing the external work done by the weight of the wedge andẆw representing the work done by the water pressure.
Ẇγ is calculated as the work of block EFDminus thework of block BFC. In turn the work of block EFD is calculated by algebraic summation of the
work of blocks P1FD, P1FE and P1ED (Chen et al., 1969) and the work of block BFC is calculated by summation of the work of blocks P1FC, P1FB and
P1BC (Utili and Nova, 2007; Utili and Crosta, 2011a; Utili, 2013). Note that here, in addition to the weight force, a horizontal pseudo-static force,
FPSh=mKhg=γKhA, with g being the gravitational acceleration and m the mass of the wedge, and a vertical one, FPSv=mKvg=γKvA, are added to
account for seismic action (Chen and Liu, 1990; Utili and Abd, 2016).Fig. 7.Most critical failure mechanism for the second ‘significant’ failure for slope with initial slope inclination β= 80° and friction angle ϕ= 40° (tension cut off).
98 C. Voulgari, S. Utili / Engineering Geology 219 (2017) 92–106To calculateẆw, a uniform value of the dimensionless coefficient ru is assumed over thewhole slopewith ru defined as (Bishop andMorgenstern,
1960):
ru ¼ uγsath
ð17Þ
with u being the total pore water pressure in the considered point of the failure line, γsat the ground bulk unit weight and h the depth of the point
considered from the ground surface. The assumption of uniform ru is a strong one (Barnes, 2010), however this assumption is still commonly
made in slope stability analysis (e.g. Michalowski, 2013). The work of water along the cracked part BC and the log-spiral part CD (Fig. 3) wasFig. 8.Dimensionless normalised sliding area for inclination β=70° and for friction angleϕ=40°, showing the influence of the tensile crest on the evolution of slopes for different Kh, for 6
successive failures.
(a) ru=0.25 (b) ru=0. 5
Fig. 9. Critical height (γH/c) for six successive failures for slope inclination β=60° and ϕ=20° for soil of full unconfined tensile strength (t=1), soil of limited tensile strength (t=0.5
and t= 0.2) and soil of zero tensile strength (t= 0), (a) for ru = 0.25 and (b) for ru = 0.50.
99C. Voulgari, S. Utili / Engineering Geology 219 (2017) 92–106calculated as a surface integral over the whole surface (Michalowski, 1995, 2013):
_Ww ¼ _WBC þ _WCD ¼
Zz1
θru1
u v½ ndSBC þ
Zy1
z1
u v½ ndSCD ð18Þ
where [v]n is the normal component of the boundary velocity (Fig. 3) and tan θru1 ¼ rz sin z1−h1rz cos z1 ¼
exp ð tanϕ ðz1−x1ÞÞ sin z1−ruγγw ð exp ð tan ϕ ðz1−x1ÞÞ sin z1− sin x1Þ
exp ð tan ϕ ðz1−x1ÞÞ cos z1 .
Substituting Eqs. (12), (16) and (18) into Eq. (11), the final equation to calculate the stability factor, N= γΗ/c, is obtained:
γH
c
¼ g x1; y1; z1;ϕ;β;Kh;λ; ruð Þ ¼
f d1 þ f cf exp tanϕ y1−x1ð Þð Þ sin y1− sin x1½ 
1þ λKhð Þ f 1v− f 2v− f 3v− f 4v þ f 5v þ f 6vð Þ þ Kh f 1h− f 2h− f 3h− f 4h þ f 5h þ f 6hð Þ þ ru f w
ð19Þ
with λ= Kv/Kh (consistently with Fig. 1, the+ sign indicates vertical downward acceleration, whereas the – sign indicates vertical upward acceler-
ation). The global minimum of g (x1, y1, z1, ϕ, β, Kh, λ) over the three geometrical variables x1, y1, z1 provides the least (best) upper bound on the
stability factor for the case that has been considered. The static case is a particular case obtained setting Kh = Kv = 0. The calculations of the expres-
sions forẆext for each block are provided in Appendix A.Fig. 10. Dimensionless normalised cohesion versus crest retreat for inclination β= 70°, (a) step-like relationship between cohesion and crest retreat obtained for ϕ= 20°, showing the
influence of the tensile crest on the evolution of slopes for Kh=0, Kh=0.1 and Kh=0.2, for 8 successive failures (b) If thefirst two failures are excluded, the values of critical cohesion and
crest retreat lie on straight lines only for intact slopes.
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Fig. 11. Critical height (γH/c) and dimensionless cliff retreat (L/H) as a function of the friction angle represented in the same graph as curves for six successive failures for slope inclinations
β= 60°, β= 70° and β= 80° for the case of intact slope, for soil of full unconfined tensile strength (t= 1), soil of limited tensile strength (t= 0.5 and t= 0.2) and soil of zero tensile
strength (t= 0). Solid black lines are used for the critical height and dashed lines for the dimensionless crest retreat. The corresponding failure number is marked on the curves.
100 C. Voulgari, S. Utili / Engineering Geology 219 (2017) 92–106Unlike the case of intact slopes, failure mechanisms may in principle daylight on the slope face above the slope toe; however in (Utili and Abd,
2016) no potential mechanism passing above the slope toe turned out to be the most critical, therefore no potential failure mechanisms passing
above the toe were considered in this analysis.
2.2. Second and successive failures (landslides)
The analytical expressions for the second failure also apply to every successive failure. After the region EBCD (Fig. 1) has slipped away and due to
further ground degradation, at somepoint a second landslidewill occur. The double logarithm spiral shaped area GIDCBwill rigidly rotate around the
center of rotation P2, as yet undefined, with thematerial below the logarithmic spiral ID and right of the vertical crackGI remaining at rest. Themech-
anism is now defined by six variables x1, z1, y1, x2, z2, y2, where x1, y1, z1 are the angles defining the first log spiral failure line (i.e., the current slope
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101C. Voulgari, S. Utili / Engineering Geology 219 (2017) 92–106profile produced by the previous failure), that will be called ‘old’ landslide and will be denoted by the superscript o and x2, y2, z2 are the angles de-
fining the second log spiral failure line (see Fig. 1), that will be called ‘new’ landslide and will be denoted by the superscript n.
Two contributions constitute the rate of the external work for the sliding wedge GIDCB; the work done by the weight of the wedge that slides
awayẆγ and the work done by the water pressureẆw. The weight of the wedge that slides awayẆγ is calculated this time as the work by block
KJD minus the work of blocks KBCD and JIG. The work of block KJD is calculated as the summation of three contributions:Ẇ1n-Ẇ2n-Ẇ3n, withẆ1n,β=60° β=70° β=80°
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Fig. 13. Critical height (γH/c) and dimensionless cliff retreat (L/H) as a function of the friction angle represented in the same graph as curves for six successive failures for slope inclinations
β=60°, β=70° and β=80° for the case of intact slope and for pore pressure with coefficient ru=0.25 and ru=0.5. Solid black lines are used for the critical height and dashed lines for
the dimensionless crest retreat. The corresponding failure number is marked on the curves.
Table 1
Values for associated crest retreat and sliding area for slopes with initial inclination β and angle of shearing resistance ϕ, for slopes with t= 1.0, t= 0.5, t= 0.2 and t= 0.
β = 60° β = 70° β = 80°
ϕ = 20° ϕ = 30° ϕ = 40° ϕ = 20° ϕ = 30° ϕ = 40° ϕ = 20° ϕ = 30° ϕ = 40°
L/H Area L/H Area L/H Area L/H Area L/H Area L/H Area L/H Area L/H Area L/H Area
Failure Intact slope t = 1.0
1 0,377 0,356 0,244 0,244 0,145 0,162 0,453 0,345 0,317 0,255 0,218 0,181 0,525 0,345 0,407 0,269 0,301 0,207
2 0,742 0,270 0,468 0,141 0,277 0,072 0,867 0,353 0,578 0,178 0,386 0,097 0,947 0,364 0,702 0,239 0,518 0,154
3 1,039 0,171 0,632 0,066 0,369 0,027 1,202 0,216 0,766 0,085 0,497 0,040 1,300 0,241 0,922 0,117 0,659 0,064
4 1,279 0,105 0,748 0,033 0,428 0,011 1,473 0,138 0,898 0,042 0,568 0,016 1,580 0,151 1,076 0,058 0,748 0,025
5 1,466 0,067 0,830 0,016 0,466 0,004 1,689 0,088 0,990 0,021 0,613 0,006 1,806 0,093 1,184 0,028 0,808 0,010
6 1,616 0,041 0,887 0,008 0,490 0,002 1,862 0,056 1,055 0,010 0,642 0,003 1,981 0,059 1,260 0,014 0,844 0,004
Failure Limited tensile strength t = 0.5
1 0,378 0,349 0,248 0,246 0,137 0,159 0,463 0,344 0,334 0,257 0,217 0,181 0,552 0,350 0,419 0,269 0,310 0,206
2 0,753 0,287 0,469 0,134 0,269 0,068 0,874 0,362 0,591 0,182 0,385 0,097 0,955 0,359 0,697 0,232 0,521 0,156
3 1,054 0,175 0,633 0,065 0,360 0,027 1,215 0,224 0,782 0,088 0,495 0,038 1,306 0,238 0,914 0,113 0,660 0,060
4 1,297 0,108 0,747 0,031 0,418 0,011 1,484 0,140 0,915 0,042 0,565 0,015 1,583 0,149 1,066 0,055 0,748 0,024
5 1,486 0,069 0,827 0,015 0,456 0,004 1,701 0,086 1,008 0,021 0,609 0,006 1,808 0,092 1,172 0,027 0,804 0,010
6 1,639 0,043 0,882 0,007 0,479 0,002 1,870 0,055 1,072 0,010 0,638 0,002 1,981 0,059 1,246 0,013 0,839 0,004
Failure Limited tensile strength t = 0.2
1 0,404 0,354 0,260 0,251 0,148 0,163 0,501 0,354 0,353 0,259 0,233 0,182 0,614 0,364 0,470 0,278 0,346 0,214
2 0,760 0,284 0,481 0,133 0,278 0,066 0,893 0,328 0,599 0,191 0,388 0,095 1,025 0,343 0,702 0,213 0,505 0,136
3 1,060 0,171 0,638 0,062 0,364 0,025 1,214 0,203 0,793 0,091 0,497 0,038 1,337 0,232 0,917 0,110 0,644 0,055
4 1,298 0,107 0,750 0,030 0,421 0,010 1,471 0,127 0,929 0,044 0,567 0,015 1,598 0,138 1,065 0,053 0,730 0,023
5 1,485 0,066 0,828 0,015 0,457 0,004 1,674 0,076 1,023 0,021 0,612 0,006 1,810 0,084 1,168 0,026 0,784 0,009
6 1,633 0,041 0,883 0,007 0,479 0,002 1,831 0,047 1,089 0,010 0,640 0,002 1,976 0,052 1,240 0,012 0,818 0,004
Failure Tension cut-off t = 0
1 0,431 0,359 0,268 0,248 0,148 0,163 0,539 0,357 0,386 0,266 0,243 0,185 0,726 0,389 0,552 0,299 0,393 0,218
2 0,770 0,280 0,483 0,133 0,276 0,062 0,876 0,344 0,603 0,177 0,389 0,091 1,068 0,391 0,771 0,237 0,554 0,150
3 1,072 0,171 0,639 0,062 0,359 0,023 1,213 0,220 0,790 0,088 0,499 0,037 1,403 0,239 0,981 0,114 0,686 0,064
4 1,301 0,103 0,751 0,029 0,412 0,009 1,473 0,133 0,923 0,041 0,567 0,015 1,678 0,142 1,129 0,053 0,773 0,025
5 1,485 0,062 0,826 0,014 0,446 0,004 1,682 0,080 1,012 0,020 0,610 0,006 1,896 0,087 1,231 0,025 0,830 0,010
6 1,625 0,039 0,879 0,007 0,468 0,001 1,842 0,050 1,075 0,009 0,637 0,002 2,065 0,053 1,302 0,012 0,865 0,004
Table 2
Values for associated crest retreat and sliding areawith initial inclination β and angle of shearing resistance ϕ, for intact slopes under seismic action orwith the existence ofwater (t=1).
β = 60° β = 70° β = 80°
ϕ = 20° ϕ = 30° ϕ = 40° ϕ = 20° ϕ = 30° ϕ = 40° ϕ = 20° ϕ = 30° ϕ = 40°
L/H Area L/H Area L/H Area L/H Area L/H Area L/H Area L/H Area L/H Area L/H Area
Failure Kh = 0.1
1 0,490 0,415 0,330 0,293 0,199 0,194 0,553 0,393 0,400 0,293 0,286 0,216 0,628 0,390 0,485 0,302 0,380 0,238
2 0,977 0,407 0,626 0,203 0,379 0,101 1,078 0,478 0,744 0,274 0,504 0,147 1,139 0,458 0,841 0,289 0,635 0,194
3 1,391 0,288 0,850 0,106 0,501 0,042 1,531 0,344 1,004 0,143 0,652 0,062 1,595 0,349 1,118 0,164 0,809 0,084
4 1,738 0,196 1,013 0,056 0,582 0,018 1,910 0,234 1,191 0,076 0,751 0,028 1,987 0,244 1,321 0,088 0,922 0,037
5 2,026 0,136 1,132 0,030 0,635 0,008 2,226 0,163 1330 0,041 0,817 0,012 2,311 0,176 1,470 0,046 0,998 0,016
6 2,267 0,095 1,218 0,016 0,669 0,003 2,490 0,114 1,431 0,023 0,860 0,005 2,590 0,123 1,577 0,025 1,048 0,007
Failure Kh = 0.2
1 0,618 0,483 0,420 0,337 0,281 0,238 0,667 0,455 0,505 0,340 0,366 0,250 0,731 0,442 0,586 0,349 0,456 0,270
2 1,292 0,649 0,817 0,301 0,516 0,146 1,317 0,616 0,920 0,356 0,652 0,222 1,366 0,570 1,011 0,355 0,750 0,229
3 1,913 0,535 1,121 0,174 0,676 0,068 1,945 0,524 1,262 0,209 0,850 0,102 1,993 0,541 1,365 0,224 0,969 0,115
4 2,469 0,421 1,356 0,099 0,790 0,031 2,503 0,423 1,514 0,124 0,989 0,046 2,550 0,423 1,627 0,133 1,114 0,055
5 2,968 0,339 1,530 0,059 0,865 0,015 3,004 0,342 1,714 0,072 1,085 0,023 3,050 0,340 1,835 0,077 1,215 0,025
6 3,415 0,273 1,668 0,034 0,917 0,007 3,455 0,276 1,863 0,043 1,148 0,010 3,498 0,274 1,989 0,046 1,283 0,012
Failure ru = 0.25
1 0,415 0,402 0,276 0,304 0,188 0,233 0,143 0,236 0,338 0,291 0,233 0,228 0,537 0,364 0,406 0,292 0,286 0,228
2 0,873 0,390 0,593 0,228 0,422 0,147 0,354 0,131 0,691 0,275 0,507 0,195 1,059 0,388 0,796 0,276 0,578 0,197
3 1,280 0,287 0,847 0,139 0,598 0,083 0,514 0,070 0,968 0,169 0,714 0,108 1,472 0,346 1,087 0,201 0,810 0,140
4 1,625 0,211 1,045 0,086 0,732 0,048 0,630 0,038 1,185 0,105 0,872 0,065 1,829 0,241 1,317 0,120 0,984 0,080
5 1,926 0,158 1,203 0,054 0,834 0,027 0,720 0,021 1,360 0,066 0,993 0,038 2,150 0,179 1,502 0,073 1,117 0,046
6 2,187 0,119 1,329 0,034 0,913 0,016 0,788 0,012 1,498 0,041 1,085 0,022 2,427 0,134 1,645 0,045 1,218 0,027
Failure ru = 0.5
1 0,436 0,444 0,313 0,357 0,280 0,406 0,490 0,404 0,355 0,327 0,246 0,268 0,533 0,378 0,403 0,310 0,277 0,250
2 0,997 0,531 0,723 0,343 0,676 0,327 1,083 0,511 0,790 0,347 0,605 0,269 1,119 0,450 0,857 0,323 0,636 0,248
3 1,515 0,445 1,077 0,248 1,014 0,232 1,597 0,468 1,152 0,276 0,891 0,201 1,624 0,474 1,233 0,304 0,937 0,221
4 1,993 0,382 1,382 0,183 1,305 0,166 2,082 0,386 1,471 0,199 1,123 0,131 2,110 0,395 1,560 0,218 1,182 0,146
5 2,443 0,324 1,644 0,136 1,555 0,123 2,526 0,330 1,744 0,147 1,315 0,088 2,557 0,331 1,842 0,156 1,382 0,095
6 2,868 0,292 1,871 0,098 1,770 0,089 2,944 0,280 1,979 0,106 1,475 0,061 2,974 0,280 2,083 0,115 1,548 0,066
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103C. Voulgari, S. Utili / Engineering Geology 219 (2017) 92–106Ẇ2n andẆ3n being work rates done by blocks P2JD, P2JK and P2KD respectively. The rate of work of block KBCD is calculated as the summation of six
contributions:Ẇ1o-Ẇ2o-Ẇ3o-(Ẇ4o-Ẇ5o-Ẇ6o), withẆ1o toẆ6o being the work rates of regions P1FD, P1FK, P1KD, P1FC, P1FB and P1BC respectively. Τhe
work rate of JIG is calculated asẆ4n-Ẇ5n-Ẇ6n, withẆ4n,Ẇ5n andẆ6n being the work rates done by P2JI, P2JG and P2GI respectively. Therefore,Ẇγ is
calculated as:
_Wγ ¼ _Wn1− _W
n
2− _W
n
3− _W
n
4 þ _W
n
5 þ _W
n
6− _W
o
1 þ _W
o
2 þ _W
o
3 þ _W
o
4− _W
o
5− _W
o
6 ð20Þ
with n and o referring to the new and the old landslide respectively.
The calculations of the expressions forẆ1n,Ẇ2n,Ẇ3n etc. and forẆw are provided in Appendix A. Substituting Eqs. (12), (18) and (20) into Eq. (11)
and dividing all terms by _θ and rx2, and rearranging, the stability factor, Ns = γH/c, is obtained:
γH
c
¼ g x1; y1; z1; x2; y2; z2;ϕ;Kh;λ; ruð Þ ¼
f d2 þ f cf exp tanϕ y2−x2ð Þð Þ sin y2− sin x2½ 
1þ λKhð Þ f 1vn− f 2vn− f 3vn− f 1vο þ f 2vo þ f 3vo þ f 4vo− f 5vo− f 6vo− f 4vn þ f 5vn þ f 6vn
 þ
Kh f 1h
n− f 2h
n− f 3h
n− f 1h
ο þ f 2ho þ f 3ho þ f 4ho− f 5ho− f 6ho− f 4hn þ f 5hn þ f 6hn
 þ ru f w
 	 ð21Þ
The globalminimumof g (x1, y1, z1, x2, y2, z2,ϕ, β, Kh, λ) over the three geometrical variables x2, y2, z2, provides the least (best) upper bound on the
stability factor for the second and any successive landslide. Note that the second (and every successive) mechanism could pass through any point
since the current slope profile is no longer straight, as presented in Fig. 4. Therefore failure mechanisms daylighting at any point of the slope profile
left after the first failure has occurred have to be considered. To this end, the slope profile was divided into a discrete number of points (n) and each
point has been assumed as the toe of a sub-slope whose height, hi, is smaller than the overall height H (see Fig. 4). The most critical mechanism
among all the possible mechanisms has to be found. The critical cohesion value, ci, and angles, xi, yi and zi, associated with the critical failure mech-
anism, were determined for all n sub-slopes of different height, hi, with the parameter yi assuming a different value for each sub-slope analysed. The
most critical failure mechanism among the n potential mechanisms is the one associated to the highest cohesion value. As long as a sufficiently large
value of n is considered, n does not affect the obtained results.
2.3. Weathering induced cohesion decrease
By applying the procedure described, it is possible to determine as many failure mechanisms as needed to follow the slope evolution until full
degradation of the ground strength has taken place. Here, the friction angle is assumed to remain constant in time with only cohesion decreasing
over time, since experimental evidence from theweathering of rocks and cemented soils show that weathering causesmainly a decrease of cohesion
and to amuch lesser extent to the angle of shearing resistance (see Fig. 5). However, extension of themodel to account for a decrease of both c andϕ
is straightforward. The case of both c and ϕ decreasing is reported in (Utili and Crosta, 2011a) for geomaterials with full tensile strength.
Computations for the evolution of slopes have been carried out usingMatlab for a wide range of parameters (ϕ and initial slope inclination β), for
intact slopes (t=1), slopes with soil tensile strength limited to t=0.2 and t=0.5 and slopes with no tensile strength, t=0 (tension cut-off) under
different seismic and seepage scenarios.3. Morphological evolution of slopes
In Fig. 6 the typical evolution undergone by a slope subject to
weathering induced strength degradation is shown. The features of
the morphological evolution exhibited by the slope are similar to what
shown in (Utili and Crosta, 2011a) apart from the upper part of the fail-
ure mechanisms which is always vertical due to the presence of cracks.
A number of successive failures of decreasing area and depth of mecha-
nism occur until a deeper mechanism of much larger area takes place
(see Fig. 6). To calculate the deeper mechanism, the slope profile,
which is composed of several log-spiral pieces, was approximated by a
straight line obtained as the linear envelope of the piecewise log-spiral
profile (see Fig. 6). This approximation is acceptable since the region
delimited by the log spiral and the vertical line is small in comparison
with the size of the failure mechanisms.
In Fig. 7, the evolution of initially steep slopes, with very limited or
completely absent tensile strength, is shown. It emerges that this type
of slope exhibits a peculiar type of evolution: several successive small
failure mechanisms made of thin slices occur (from vertical line FC to
vertical line GI) until a much larger failure mechanism takes place
(mechanism JMK). The occurrence of thin slice mechanisms, which in
the limit case of an initially vertical slope (β= 90°) become infinitesi-
mally thin slices, is described and physically explained in (Utili, 2013).
4. Parametric analysis of slope evolution for various hydrogeological
scenarios
In Fig. 8 the effect of the seismic action is analysed for various values
of tensile strength. For each failure, numbered in chronological order,the area of the sliding mass is plotted. It emerges that the influence of
the soil tensile strength on the sliding area is small, but seismic action
has the effect of amplifying these small differences. To investigate the
influence of seepage instead, the critical height for a slopewith an initial
inclination of β= 60° and ϕ= 20° is plotted in Fig. 9 for 6 successive
failures.
In Fig. 10, the step-like relationship between dimensionless normal-
ised cohesion and crest retreat is plotted for 8 successive failures for var-
ious seismic scenarios (Kh=0,Kh=0.1 andKh=0.2). It can be observed
that if the first two failures are excluded, the values of critical cohesion
and crest retreat lie on straight lines in agreement to what observed in
(Utili and Crosta, 2011a) for static dry slopes not subject to crack forma-
tion. From the figure it also emerges that the tensile strength does not af-
fect significantly either the cohesion or crest retreat. However this is less
the case for slopes subject to substantial seismic action.
The evolution of the stability number (γH/c) and the dimensionless
cliff retreat (L/H) as a function of the friction angle represented in the
same graph as curves from the analysis of six successive failures, for
initial slope inclinations of β= 60°, β= 70° and β= 80° are plotted
in Fig. 11. Solid black lines are used for the stability number and dashed
lines for the dimensionless crest retreat, while the corresponding
number of failure is reported on each curve. It is evident that the
influence of tensile strength and of the presence of cracks on the sta-
bility of the slopes is more significant in steep slopes. When seismic
acceleration is taken into consideration the influence on both stability
number and cliff retreat is significant (Fig. 12). It can be seen in Fig. 13
and as explained by (Michalowski, 2013), that the adverse influence
of pore-water pressure on the stability number increases for larger
values of ϕ.
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ures, the model predicts a much larger landslide in terms of area (vol-
ume), but not in terms of crest retreat (Fig. 6) so this is more of
interest for anthropic constructions at the toe of the slope. If the slope
is a cliff by the ocean – an environment where continuous wash away
actions take place – it is reasonable to expect the erosion of the failed
material before the next mechanism occurs. Instead, in case of less ex-
posed cliffs (e.g. inland) we can expect that this deep mechanism will
not take place due to the stabilising action of the weight of the debris
and therefore it is reasonable to disregard it.
In Table 1 values of crest retreat and area of the failure mechanism
are reported for various initial slope inclinations (β = 60°, 70° and
80°), angle of shearing resistance (ϕ= 20°, 30° and 40°) for the three
scenarios of crack formation considered in the paper (tension cut-off,
limited tensile strength and full tensile strength). The results of the
parametric investigation for initially intact slopes subject to seismic ac-
tion and various seepage scenarios are reported in Table 2.5. Conclusions
Analytical solutions have been presented to investigate the effect of
weathering induced strength degradation, seismic action, crack forma-
tion and various seepage scenarios on the geomorphological evolutionof homogeneous slopes, employing the upper bound limit analysis
method. Slopes are characterised by uniformcohesion, angle of shearing
resistance, and finite tensile strength. The solutions were obtained con-
sidering a succession of discrete failure events (landslides) progressive-
ly altering the slopemorphology over time and can be used to achieve a
first rough estimation of the past or future evolution of a slope knowing
a limited amount of information.
A comprehensive parametric analysis has been carried out to investi-
gate the relative influence on slope evolution of the physical phenomena
considered, i.e. weathering induced strength degradation, seismic action,
crack formation and seepage. It emerges that strength degradation, seis-
mic action and seepage exhibit a stronger influence on the morphologic
evolutionof slopes than the formation of cracks. High seismic acceleration
and/or seepage forces cause larger slope failure mechanisms and there-
fore larger slope crest retreats. Tension cracks forming due to limited ten-
sile strength influence the first slope failures more than the subsequent
ones.Acknowledgments
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Analytical expressions for each block for each successive failure
For each successive failure the calculations that refer to the ‘new’ failure line are derived in the same way as the calculations for the first failure
(Utili and Abd, 2016) and only the final analytical expressions of the calculations referring to the ‘old’ are given here. However, the full set of calcu-
lations refering to the first and each subsequent failure mechanism can be found in Voulgari (2016).
For the region P1FD, the rate of the external work is:
_W1
0 ¼ _W1v0 þ _W1h
0 ¼ ωγrx2 3 1þ Kvð Þ f 1v0 x1; y1; x2; y2;ϕð Þ þ Kh f 1h0 x1; y1; x2; y2;ϕð Þ
h i
¼ ωγrx2 3
1þ Kvð Þ
rx1
rx2
 2 ½ expð tanϕ y2−x2ð Þ cos y2ð expð2 tanϕ y1−x1Þ−1ð Þ
4 tanϕ
þ rx1
rx2
 3 exp 3 tanϕ y1−x1ð Þð Þ sin y1 þ 3 tanϕ cos y1ð Þ− sin x1−3 tanϕ cos x1
3 1þ 9tan2ϕ 
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½ expð tanϕ y1−x1ð Þ cos y1½ expð2 tanϕ y1−x1ð Þ−1
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4 tanϕ
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 3 exp 3 tanϕ y1−x1ð Þð Þ 3 tanϕ sin y1− cos y1ð Þ−3 tanϕ sin x1 þ cos x1
3 1þ 9tan2ϕ 
−
½ expð tanϕ y1−x1ð Þ sin y1½ expð2 tanϕ y1−x1ð Þ−1
4 tanϕ
0
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0
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Considering the region P1FK, the following expression for the rate of the external work is obtained:
_W2
0 ¼ _W2v
0 þ _W2h
0 ¼ ωγrx2 3 1þ Kvð Þ f 2vοðx1; y1; x2; y2;ϕÞ þ Kh f 2h
οðx1; y1; x2; y2;ϕÞ
h i
¼ ωγrx2 3
1
2
L1
rx1
rx1
rx2
 2
sin x1
1þ Kvð Þ
1
3
rx1
rx2
ð cos x1−2 exp tanϕ y1−x1ð Þ cos y1ð Þ
þ expðtanϕ y2−x2ð Þ cos y2
0
@
1
A
þKh
2
3
rx1
rx2
ð sin x1−2 exp tanϕ y1−x1ð Þ sin y1ð Þ
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_W3
0 ¼ _W3v0 þ _W3h
0 ¼ ωγrx2 3 1þ Kvð Þ f 3v0 x1; y1; x2; y2;ϕð Þ þ Kh f 3h0 x1; y1; x2; y2;ϕð Þ
h i
¼ ωγrx2 3
1
2
rx1
rx2
 2
expð tanϕ y1−x1ð Þ sin y1− sin x1½  exp tanϕ y1−x1ð Þ cos y1ð
1þ Kvð Þ expð tanϕ y2−x2ð Þ cos y2−
1
3
rx1
rx2
½ expð tanϕ y1−x1ð Þ cos y1
 
þ
Kh expð tanϕ y2−x2ð Þ sin y2 þ
rx1
rx2
1
3
sin x1−
2
3
½ expð tanϕ y1−x1ð Þ sin y1
  
2
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3
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The external work for the region P1FC is calculated in a similar way with that of the rate of the external workẆ 10 and is given below:
_W4
0 ¼ ωγrx2 3 1þ Kvð Þ f 4vο x1; y1; z1; x2; y2; z2;ϕð Þ þ Kh f 4hο x1; y1; z1; x2; y2; z2;ϕð Þ

 
¼ ωγrx2 3
1þ Kvð Þ
rx1
rx2
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Considering the region P1FB, the external work is calculated similarly toẆ 20 and is given below:
_W5
0 ¼ ωγrx2 3 1þ Kvð Þ f 5vοðx1; y1; z1; x2; y2; z2;ϕÞ þ Kh f 5hοðx1; y1; z1; x2; y2; z2;ϕÞ
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Finally, considering the region P1BC:
_W6
0 ¼ ωγrx2 3 1þ Kvð Þ f 6vοðx1 ; y1 ; z1 ; x2 ; y2 ; z2 ;ϕÞ þ Kh f 6h
οð x1 ; y1 ; z1 ; x2 ; y2 ; z2 ;ϕÞ

 
¼ ωγrx2 3
1
2
rx1
rx2
 2
expðtanϕ z1−x1ð Þ sin z1− sin x1½  expðtanϕ z1−x1ð Þ cos z1
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Work of water during the second (and each successive) failure
For the second and each successive failure,Ẇw is calculated over the boundaries of the failing wedge which include the log-spiral surface ID and
the crack GI (Michalowski, 2013):
_Ww ¼ _WGI þ _WID ¼
Zz2
θru2
u v½ ndSGI þ
Zy2
z2
u v½ ndSID
where the work of water along the long spiral part is given:
_WID ¼ ωγrx2 2 tan ϕru
Zθc2
z2
d1 exp 2tanϕ θ−x2ð Þ½  dθþ
Zy2
θc2
d2 exp 2tanϕ θ−x2ð Þ½  dθ
0
B@
1
CA
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tan θru2 ¼
rz sin z2−h2
rz cos z2
¼
exp tan ϕ z2−x2ð Þð Þ sin z2− ruγγw
exp tan ϕ z2−x2ð Þð Þ sin z2− sin x2ð Þ
exp tan ϕ z2−x2ð Þð Þ cos z2
d1 ¼ rθ2 sin θ2−rx2 sin x2d2 ¼ rθ2 sin θ2−rθ1 sin θ1 þ rx1 sin x1−rx2 sin x2
cos θc2 exp tanϕ θc2−x2
 
  ¼ rx1
rx2
cos x1− exp ½tanϕ y1−x1ð Þ cos y1ð Þ þ cos y2References
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